This paper initiates the study of effective twisted conjugacy separability for finitely generated groups, which measures the complexity of separating distinct twisted conjugacy classes via finite quotients. The focus is on nilpotent groups, and our main result shows that there is a polynomial upper bound for twisted conjugacy separability. That allows us to study regular conjugacy separability in the case of virtually nilpotent groups, where we compute a polynomial upper bound as well. As another application, we improve the work of the second author by giving a precise calculation of conjugacy separability for finitely generated nilpotent groups of nilpotency class 2.
Introduction
Let G be a finitely generated group with a fixed automorphism ϕ. We say that x, y ∈ G are ϕ-twisted conjugate if there exists z ∈ G such that z x ϕ(z) −1 = y. That is an equivalence relation and the equivalence classes of x ∈ G is called the ϕ-twisted conjugacy class which is denoted as [x] ϕ . We say G is ϕ-twisted conjugacy separable if for each non-ϕ-twisted conjugate pair x, y ∈ G, there exists a surjective group morphism to a finite group π : G → Q such that π(x) / ∈ π([y] ϕ ), or equivalently, π(y) / ∈ π([x] ϕ ). When G is ϕ-twisted conjugacy separable for all ϕ ∈ Aut(G), we say that G is twisted conjugacy separable.
when ϕ = id . Thus, the notion of ϕ-twisted conjugacy separability is a natural generalization of conjugacy separability where we allow our conjugacy classes to be twisted by ϕ. In particular, if G is a finitely generated group that contains a characteristic, finite index, twisted conjugacy separable subgroup, then G is twisted conjugacy separable, see [16, Thm 5.2] . That is in contrast to conjugacy separability which is not closed with respect to finite extensions or finite index subgroups [21, 31] . Thus, twisted conjugacy separability gives us an important tool in studying the more classical notion of conjugacy separability since twisted conjugacy separability implies conjugacy separability.
Conjugacy separability, along with residually finiteness, subgroup separability, and other residual properties, have been extensively studied and used in resolving important conjectures in geometry such as Agol's work on the Virtual Haken conjecture. Previous work in the literature has been to understand what groups satisfy these properties. For instance, polycyclic groups, free groups, residually free groups, limit groups, Bianchi groups, surface groups, fundamental groups of compact, orientable 3-manifolds, and virtually compact special hyperbolic groups have been shown to be conjugacy separable and subsequently, residually finite [2, 12, 13, 14, 20, 25, 32, 40] . Recently, there has been considerable activity in establishing effective versions of the above separability properties (see [3, 4, 5, 6, 7, 8, 9, 10, 11, 27, 28, 29, 34, 35, 37, 41] ). The main purpose of this article is to improve on the effective conjugacy separability results of [36] for nilpotent groups and to establish effective twisted conjugacy separability for the class of virtual nilpotent groups.
For a finitely generated group G with a finite generating subset S and an automorphism ϕ, we introduce a function Conj ϕ G,S (n) on the natural numbers that quantifies ϕ-twisted conjugacy separability. To be specific, the value on a natural number n is the maximum order of the minimal finite quotient needed to distinguish pairs of non-ϕ-conjugate elements as one varies over the nball. We also quantify the more general property of twisted conjugacy separability via the function Tconj G,S (n). We start by establishing a norm ϕ S for automorphisms and then define Tconj G,S (n) on a natural number n to be the maximum value of Conj ϕ G,S (n) as one varies over automorphisms ϕ satisfying ϕ S ≤ n.
When the automorphism ϕ is the identity map, the function Conj ϕ G,S is equal to the function that quantifies conjugacy separability introduced by Lawton-Louder-McReynolds [30] , which is in this case denoted as Conj G,S (n). As a natural consequence, Conj G,S (n) is always bounded by Tconj G,S (n). Additionally, we will see that if H is a characteristic, twisted conjugacy separable subgroup of G of index r, then there exist automorphisms { f i } r i=1 of H such that Conj G,S (n) is bounded by ∏ r i=1 (Conj f i H,S ′ (n)) r where S and S ′ are finite generating subsets of G and H, respectively (see Theorem 7.7). Hence, if we are given a class of conjugacy separable groups that is closed under finite index subgroups, then we may study conjugacy separability of any finite extension of these groups by studying effective twisted conjugacy separability of the original group.
article is the first to study effective twisted conjugacy separability for any class of groups. As of now, there are no effective proofs of conjugacy separability for classes of groups such as polycyclic groups, fundamental groups of compact, orientable 3-manifolds, Bianchi groups, etc. Even in the context of surface groups or free groups, there is no good asymptotic lower bound for Conj G,S (n) other than the one provided by effective residual finiteness.
To state our results, we require some notation. For two non-decreasing functions f , g : N → N, we write f (n) g(n) if there exists a C ∈ N such that f (n) ≤ C g(C n) for all n. We write f ≈ g when f g and g f . If N is a nilpotent group, we write c(N) for its nilpotent class, as we will recall in Section 2.3.
Our first result is the precise computation of Conj N,S (n) when N is a 2-step, torsion free, finitely generated nilpotent group and S is a finite generating subset.
Theorem 5.4. Let N be a torsion free, finite generated nilpotent group with a finite generating subset S such that c(N) = 2. Then there exists Φ(N) ∈ N such that Conj N,S (n) ≈ n Φ(N) .
An explicit expression for Φ(N) given in Section 2.3.
The lower bound is provided by [36, Thm 1.8] . For the upper bound, we improve on the techniques of [36] in the context of two step nilpotent groups to obtain precise asymptotic upper bounds. The purpose of this result is to both improve the results of [36] in the context of two step nilpotent groups and to demonstrate the techniques used in the proof of the main theorem.
The next result is the main theorem of the article. In the following theorem, we give the first effective upper bound for ϕ-twisted conjugacy separability for nilpotent groups and the first effective upper bound for twisted conjugacy separability for any finitely generated group. Theorem 6.3. Let N be a torsion free, finitely generated nilpotent group with a finite generating subset S. Let x ∈ N and ϕ ∈ Aut(N). Then there exist natural numbers k 1 , k 2 , k 3 such that
In particular, Conj
The proof of Theorem 6.3 generalizes the techniques of [2] and [36] to the context of ϕ-conjugacy classes by introducing the notion of the i-th twisted centralizer corresponding to an automorphism ϕ. When ϕ = Inn(x), then the i-th twisted centralizer is equal to the group of elements that centralize x modulo the i-th term of the lower central series. Using these twisted centralizers, we may proceed by induction on step length.
More generally, we have a similar result as Theorem 6.3 for virtually nilpotent groups.
Theorem 7.8. Suppose that G is a virtually nilpotent group, and suppose that S is a finite generating subset of G. For ϕ ∈ Aut(G) and x ∈ G, there exist natural numbers k 1 , k 2 , k 3 such that
For this result, we write the ϕ-twisted conjugacy class of an element of G as a finite union of right translates of twisted conjugacy classes of a finite index, characteristic finitely generated nilpotent subgroup. We then apply Theorem 6.3.
The last result of this article extends the work of the second author in [36] to the context of finite extensions of nilpotent groups.
Theorem 7.11. Let G be a virtually nilpotent group with a finite generating subset S, and let x ∈ G.
where N is any infinite finitely generated nilpotent subgroup of finite index in G.
In order to prove the upper bound of Theorem 7.11, we apply Theorem 7.8. For the lower bound, we follow [36, Thm 1.8] using the fact that every conjugacy class in G is the union of at most
We finish by working out asymptotic upper bounds for Conj
is the 3-dimensional integral Heisenberg group. We also work out a 5-dimension examples with a fixed automorphism.
Background
In this section, we introduce necessary definitions for this paper and start by fixing some notation.
Let G be a group with finite generating subset S. The order of a finite group G is denoted as |G|. We write x S to be the word length of x with respect to S and denote the identity element of G as 1. We denote the order of g as an element of the group G as ord G (g). We define the commutator of x, y ∈ G as [x, y] = x y x −1 y −1 . For any subset X ⊂ G, we let X be the subgroup generated by the set X . For a normal subgroup H G, we set π H : G → G/H to be the natural projection and sometimes writex = π H (x) if the normal subgroup H is clear from the context.
For any x ∈ G, we let Inn(x) ∈ Aut(G) be the associated inner automorphism i.e. Inn(x)(y) = x y x −1 . For an integer k and prime p, we define v p (k) to be the largest natural number such that p v p (k) divides k.
We define G m to be the subgroup generated by m-th powers of elements in G which is a characteristic subgroup. We define the associated projection as r m = π G m . We also define the abelianization of G as G ab = G/[G, G] with the associated projection π ab = π [G,G] . We define the center of G as Z(G) and the centralizer of x in G as C G (x).
Norms of subgroups and automorphisms
We associate a norm to finitely generated subgroups in the following definition.
Definition 2.1. Let G be a finitely generated group with a finite generating subset S. For any finite subset X ⊆ G, we define X S = max{ x S | x ∈ X }. For a finitely generated subgroup H ≤ G, we define H S = min{ X S | X is a finite generating subset for H}.
Let S 1 and S 2 be two generating subsets of a group G such thath |s|
Since these elements generate H, the statement follows. In particular, we get the following relation between norms of subgroups for different generating subsets.
Lemma 2.2. Let G be a finitely generated group with finite generating subsets S 1 and S 2 , and let H ≤ G be a finitely generated subgroup. Then
Similarly, we define a norm for morphisms of finitely generated groups, and subsequently, define a norm for automorphisms of a finitely generated group. Definition 2.3. Let G and G ′ be finitely generated groups with finite generating subsets S and S ′ . Let ϕ : G → G ′ be a group morphism. We define
If ϕ is an automorphism of G, then we assume S = S ′ and write ϕ S .
Equivalently, ϕ S,S ′ is the smallest natural number such that ϕ(x) S ′ ≤ ϕ S,S ′ x S for all x ∈ G.
Let S 1 and S 2 be two generating subsets of G such that s S 2 ≤ K for all s ∈ S 1 . We show that in this case,
for all x ∈ G, and thus, the conclusion follows.
Similarly, one can show for S ′ 1 and S ′ 2 generating subsets for
In particular, we have the following lemma.
Lemma 2.4. Let G be a group with two finite generating subsets S, S ′ . There exists a constant C > 0 such that for every automorphism ϕ ∈ Aut(G), we have
Finitely generated groups and separability
Let G be a finitely generated group with a finite generating subset S, and let X ⊆ G be an arbitrary subset. Following Bou-Rabee in [5] , we define the relative depth function
with the understanding that D G (X , y) = ∞ if no such Q exists.
Definition 2.5. We say that a non-empty subset X ≤ G is separable if D(X , y) < ∞ for all y ∈ G \X . We say that a finite quotient G/H separates X and y if π H (y) / ∈ π H (X ).
Recall the twisted conjugacy class [x] ϕ for x ∈ G and ϕ ∈ Aut(G) from Section 1.
Definition 2.6. Let G be a finitely generated group with and let ϕ : G → G be an automorphism. We say that G is ϕ-twisted conjugacy separable if for all x ∈ G the twisted conjugacy class [x] ϕ is separable. We say that G is twisted conjugacy separable if G is ϕ-twisted conjugacy separable for all ϕ ∈ Aut(G).
Let G be a finitely generated group with a finite generating subset S, and let ϕ : G → G be an automorphism. To quantify ϕ-twisted conjugacy separability relative to x for some fixed x ∈ N, we define the following function Conj
By allowing x to vary, we are able to quantify ϕ-twisted conjugacy separability for any given group G and automorphism ϕ. We define Conj
Finally, we obtain a method to quantify twisted conjugacy separability by taking automorphisms with norm at most n. We now define Tconj : N → N to be given by
Lemma 2.7. Let S 1 and S 2 be two finite generating subsets of G. If ϕ ∈ Aut(G), then Conj Observe that if ϕ = id, then Conj ϕ G,S is equal to the conjugacy separability Conj G,S introduced by Lawton, Louder, and McReynolds [30] ; subsequently, Conj G,S (n) Tconj G,S (n). If, for some ϕ ∈ Aut(G), we have that Conj ϕ G,S (n) < ∞ for all n ∈ N, then G is ϕ-twisted conjugacy separable. Similarly, if Tconj G,S (n) < ∞ for all n, then G is twisted conjugacy separable, and subsequently, G is ϕ-conjugacy separable for all ϕ ∈ Aut(G). In particular, G is conjugacy separable in that case.
Nilpotent Groups
Most of the groups we work on in this paper are nilpotent groups, and we recall their basic properties. See [24, 38] for a more thorough account of the theory of nilpotent groups.
A central series for a group N is a sequence of subgroups 1 
We denote their associated projections as π i = π γ i (N) and π i = π ζ i (N) when N is understood from context. Definition 2.8. We say that N is nilpotent of step size c if c is the minimal natural number such that γ c+1 (N) = 1, or equivalently, ζ c (N) = N. We write the nilpotency class of N as c(N). We define the Hirsch length of N as
We define T (N) to be the finite characteristic subgroup of finite order elements. If N is a torsion free, finitely generated nilpotent group, we say that N is a F -group.
For nilpotent groups N, the subgroup N m is always of finite index in N.
Lemma 2.9. Let N be a F -group, and let H ≤ N be a subgroup of index p α where p is a prime. Then N p α ≤ H.
Proof. For normal subgroups H ≤ N, this result is trivial. Using the fact that in nilpotent groups every subgroup H in N is subnormal, see [38] , meaning that there exists a sequence
, the result follows for every subgroup H.
The following subgroup will be useful in assigning numerical invariants to subgroups and group morphisms.
Definition 2.10. Let N be a F -group, and let H ≤ N be a subgroup. We define the isolator of H in N, denoted
From [38] , it follows that N √ H is a subgroup for all H ≤ N when N is a F -group. Additionally, we have that | N √ H : H| < ∞.
We now define the notion of a determinant of a subgroup of a finite generated nilpotent group.
Definition 2.11. Let N be a nilpotent group, and let H ≤ N be a subgroup. We define the determi-
If ϕ is an injective map of torsion-free abelian groups of the same rank, then det(ϕ) is equal to the usual determinant of the matrix representative of ϕ with respect to a fixed choice of basis. Thus, we have a generalization of the usual notion of determinant to a more general class of groups and group morphisms. If ϕ : A → B is a map of abelian groups where ϕ(A) has rank equal to B, then det(ϕ)B ⊆ ϕ(A).
We need one more invariant for nilpotent groups. 
Twisted centralizers and twisted determinants
In this section, we introduce twisted centralizers and study the projections of these subgroups to finite quotients. The key concept for understanding these finite projections is the twisted determinant which we introduce in Definition 3.7. From now on, N is a nilpotent group of nilpotency class c and with a fixed automorphism ϕ : N → N. Definition 3.1. Let N be a nilpotent group, and let ϕ : N → N be an automorphism. For every i ≥ 1, we define the subgroups
and the corresponding subsets
We call N ϕ i the i-th twisted centralizer corresponding to the automorphism ϕ.
Note that N 
Proof. Note that yx ∼ ϕ x if and only if there exists z ∈ N such that z x ϕ(z) −1 = y x. This last statement is the same as z x ϕ(z)
The twisted centralizers N ϕ i are used to define the maps ψ ϕ,i .
Definition 3.3. Let N be a nilpotent group, and let ϕ ∈ Aut(N). For each i, we define a map ψ ϕ,i :
In order to understand how N Proof. Take any x ∈ N ϕ i , then x ∈ ker(ψ ϕ,i ) if and only if
Each ψ ϕ,i induces an injective mapψ ϕ,i :
With the above lemma, we can define a subgroup which will be of importance in the effective upper bound of twisted conjugacy separability.
Definition 3.6. Let N be a nilpotent group, and let ϕ ∈ Aut(N). The set X ϕ c is a subgroup since it is the image of ψ ϕ,c . We define the central subgroup
One can see that x ∈ N ϕ are elements of γ c (N) that take the form x = y ϕ(y) −1 for some y ∈ N. Definition 3.7. Let Γ be a F -group, and let ϕ ∈ Aut(N). For each i, we define D ϕ,i = det(ψ ϕ,i ). Additionally, we define the twisted determinant D ϕ as
The twisted determinant is the main ingredient for the following proposition.
Proposition 3.8. Let N be a F -group and p be a prime. There exists a natural number k * (p, c) such that for every automorphism ϕ, natural number k, and x ∈ N with x ϕ(x) −1 ∈ N p k+k * (p,c)+vp (Dϕ ) there exists y ∈ N p k such that y ϕ(y) −1 = x ϕ(x) −1 . The number k * (p, c) can be chosen such that there exists a constant C > 0 with p k
Observe that k * (p, c) is independent of the choice of automorphism. The above proposition is a twisted generalization of [2, Lem 2] and is an effective version of [15, Thm 4.
The proof of Proposition 3.8 relies on the following two lemmas.
Lemma 3.9. Let p be a prime, and let ϕ : A → B be a group morphism of abelian groups. If
. Letã ∈ A with ϕ(ã) = g, then the element a = p kã is our desired element.
We reproduce the proof of [2, Lem 2] in order to estimate the associated value that is constructed. Lemma 3.10. Let N be a F -group of nilpotency class c, and let p be a prime. There exists an integer k(p, c) ≥ 0 such that if x ∈ N p k+k(p,c) , then there exists y ∈ N such that x = y p k . Additionally, p(k, c) can be chosen such that p k(p,c) ≤ c! for all primes p.
Proof. For a natural number m, we let d p (m) be the largest integer such that p d p (m) ≤ m. We show that the lemma holds for the value
We proceed by induction on nilpotency class length, and since the statement is evident for abelian groups, we may assume that N has nilpotency class c > 1. For x ∈ N p k+k(p,c) , we write
where x i ∈ N for all i. Then [24, Thm 6.3 ] implies that we may write
where y i ∈ γ i (N) for each i and y 1 = ∏ r i=1 x i . We may write the binomial coefficient
where gcd(u i , p) = 1. Thus, this value is divisible by p k+k(p,c)−ℓ i ; therefore, we write
Since N has nilpotent class c and y i ∈ γ i (N), we have g p ℓ i u i = 1 for
for i ≤ c. Subsequently, for i ≤ c we have
k+k(p,c)−dp(c) .
, we may write
where
has nilpotency class strictly less than c. Since
Proof of Proposition 3.8. Let k(p, c) be the natural number from Lemma 3.10. We proceed by induction on i where x ∈ N ϕ i . If i = c + 1, or equivalently, x ϕ(x) −1 ∈ γ c+1 (N) = 1, then we take y = 1.
and B = γ i (N) γ i+1 (N) , we consider the injective morphism of abelian groupsψ ϕ,i : A → B induced by ψ ϕ,i . Lemma 3.10 gives us a z ∈ N such that x ϕ(
Lemma 3.9 shows that there exists
. Induction implies the theorem follows with the constant given by
We finish by noting Lemma 3.8 implies that k(p, c) ≤ c !, and thus,
We denote byφ p k the automorphism induced by ϕ on the quotient N N p k .
Corollary 3.11. Let N be a F -group of nilpotency class c, and let ϕ : N → N be an automorphism. Let p be a prime and k be some natural number. Take k * (p, c − 1) as in Proposition 3.8, and define
Proof. First assume that x ∈ N ϕ , or equivalently, x = y ϕ(y) −1 ∈ γ c (N) for some y ∈ N. Note that
For the other inclusion, let
. Thus, there exists y ∈ N such that y ϕ(y) −1 ∈ x N p k+k 0 . Applying Proposition 3.8 to N/γ c (N) and the map induced by
Bounding the Twisted Determinant
In the previous section, we identified the twisted determinant as the crucial factor for studying the twisted centralizers in finite quotients. The goal of this section is to bound the twisted determinant of an automorphism in terms of the norm of that automorphism.
Before we start, we provide some propositions and examples that relate the determinates of subgroups with the norms of those subgroups.
Example 4.1. Consider the group G = Z with standard generating subset S = {±1}. The norm of the subgroup nZ with n ∈ N satisfies
We generalize the previous example to all finitely generated abelian groups.
Proposition 4.2. Let A be a finitely generated abelian group with a finitely generating subset S. There exists a constant
Proof. Since T (A) is always a finite normal subgroup with T (A) ≤
A √ H, we may assume that A = Z k . Moreover, we may assume that S is the standard generating subset since the statement is invariant under changing the generating subset.
Let ℓ be the rank of H. There exist h 1 , . . . , h l ∈ H such that H ′ = h 1 , · · · , h ℓ has rank l and h i S ≤ H S . Thus, we may restrict our attention to subgroups of the form H ′ since det(H) ≤ det(H ′ ) and H ′ S ≤ H S . Let π : Z k → Z ℓ be the projection to the first ℓ coordinates. By relabeling coordinates as necessary, we may assume that π| H is injective. Since π| H is injective on H, it follows that π| A √ H is injective. Thus, [π(
, and since π(
Thus, without loss of generality, we may assume that H has full rank in A.
Since H is full rank, it follows that X has non-zero determinant. Observing that det(X ) = [Z k : H] = det(H) and that each coefficient of X is bounded by H S , the formula for the determinant gives the desired bound.
Applying the above proposition to group morphisms, we have the following. Corollary 4.3. Let A be a finitely generated abelian group with a finite generating subset S. There exists a constant C > 0 such that for every morphism ϕ : B → A of abelian groups, it follows that
Proof. Our result follows from Proposition 4.2 since the value only depends on the image.
The following example shows that one cannot bound the norm of ϕ(B) by the determinant of ϕ.
Example 4.4. Consider the group Z 2 with the standard generating subset S and subgroup H = (1, n) . A computation shows that
The following lemma will be useful to estimate the norm of the kernel of group morphisms.
Lemma 4.5. Let S be a generating subset for Z k . There exists a constant C > 0 such that for every injective group morphism ϕ : Z k → Z k and every element x ∈ Z k , it holds that
Proof. The statement is invariant under changing the generating subset, so we assume that S is the standard generating subset. Writing x = (x i ) k i=1 , Cramers rule implies
where ϕ i is the morphism given by replacing the i-th column of the matrix representative of ϕ by ϕ(x). Moreover, each entry of the matrix representative of ϕ i is bounded by max{ ϕ S , ϕ(x) S }. Thus, the explicit formula for the determinant of a (k × k)−matrix gives our result.
Lemma 4.6. Let A be a finitely generated abelian group of rank k > 0 with a finite generating subset S ′ and m a fixed natural number. There exists a constant C > 0 such that for every group morphism ϕ : Z ℓ → A and generating subset S with |S| ≤ m for Z ℓ it holds that
Moreover, there exists m ′ , not depending on ϕ, such that this bound can be achieved with a generating subset with ≤ m ′ elements.
Proof. Without loss of generality, we may assume that A is torsion-free, so A = Z k . The statement is invariant under changing the generating subset of A, so we may assume that S ′ is the standard generating subset. Additionally, we assume that ϕ(Z ℓ ) has rank k by taking a quotient of A if necessary.
First, we prove the lemma for the standard generating subset S = {e 1 , . . . , e l } for Z l . We assume that ϕ(e i ) are linearly independent for 1 ≤ i ≤ k, and let D = det(ϕ(e 1 ), ϕ(e 2 ), . . . , ϕ(e k )). Note that there exists a constant C 0 such that |D| ≤ C 0 ϕ k S,S ′ . For each 1 ≤ j ≤ l − k, we construct a vector v j ∈ ker(ϕ). Apply Lemma 4.5 gives a x j ∈ Z k such that ϕ(x j ) = D ϕ(e k+ j ) and |x j | S ≤ C 1 ( ϕ S,S ′ ) k . Letting ι : Z k → Z l be the natural inclusion, the vector v j = ι(x j ) − D e k+ j is in ker(ϕ) by construction. The vectors v j generate a finite index subgroup of ker(ϕ). Since S is assumed to be the standard generating subset, an easy computation shows that ker(ϕ) S ≤ m max{ v j }. Therefore, ker(ϕ) S ≤ C( ϕ S,S ′ ) k and the bound m ′ also follows from this construction. Now assume that S = {s 1 , . . . , s m } is an arbitrary generating subset for Z ℓ . Consider the morphism f : Z m → Z ℓ which maps e i to the generator s i . For the composition ϕ • f , we have
Now f maps the generators of this kernel to generators of the kernel of ϕ, and moreover, f (x) S ≤ x for every x ∈ Z m . Thus, the lemma follows.
Example 4.7. Fix n ∈ N and take n distinct primes p 1 < . . . < p n . Consider the matrix given by
and the corresponding linear map ϕ j : Z n+1 → Z n . Let S and S ′ be the standard generating sets for Z n+1 and Z n respectively. If we write k = p 1 . . . p n , then the kernel of ϕ j is generated by the
On the other hand, ϕ j S ′ = max{p j n , n}. This example implies that the bound in Proposition 4.6 is optimal. 
. From Lemma 4.6, it follows that there exists a C such that ker(ϕ) ≤ C. For every generator x j ∈ Z k for ker(ϕ), fix an element y j ∈ N such that y j S ≤ x j and ϕ(x j ) = y j N γ 2 (N). The group N γ 2 (N) is now generated by the y j and γ 2 (N), where γ 2 (N) S ≤ 4.
Proposition 4.9. Let A be a finitely generated abelian group of rank k > 0 with a finite generating subset S ′ . For every m > 0, there exists a constant C > 0 such that if N is a F -group with a finite generating subset S with |S| ≤ m and ϕ : N → A is a group morphism, then
Moreover, there exists m ′ such that this bound can be achieved with a generating subset with ≤ m ′ elements.
Proof. We can assume that A is torsion-free. First note that N γ 2 (N) is a subgroup of ker ϕ whose norm is bounded as described in Proposition 4.8. So it suffices to bound the norm of the kernel of ϕ : N N γ 2 (N) → A, and thus, Lemma 4.6 gives our proposition. The statement about the number of generators also follows from the same lemma. For the quotient γ i (N) γ i+1 (N) , we fix the generating subset S i given by the projections of commutators of length i. Denote r i to be the rank of γ i (N) γ i+1 (N) and fix the constant C 2 as in Proposition 4.9 for the nilpotency class c with the generating subset S i , which is independent of the group morphism ϕ.
From the computation after Definition 2.3, it follows that
as any constant such that s S ≤ C 3 for all s ∈ S i . (It is easy to give an explicit form for the constant C 3 .) Hence, it follows that ϕ S,S i ≤ C 3 ϕ S , and consequently,
From the computation after Definition 2.1, we have N
By using Proposition 4.9, we get that
It follows that there exists a bound m i+1 on the number of generators by Proposition 4.9.
An important application of Theorem 4.10 is to bound the twisted determinant of an automorphism in terms of its norm.
Corollary 4.11. Let N be a F -group with generating subset S. There exists a constant C > 0 and k ∈ N such that for every automorphism ϕ : N → N the twisted determinant D ϕ satisfies
Proof. It suffices to give such a bound for every determinant D i of ψ i . For this bound, we use Theorem 4.10 on the group N ϕ i to find a generating subset S ′ whose word length S ′ S ≤ C( ϕ S ) k for some C, k ∈ N. In particular, the norm ψ i (N ϕ i ) S ≤ C( ϕ S ) k+1 . We next apply Corollary 4.3 to the group morphism ψ i to find a bound on the determinant D i .
As a final application of the above bounds, we have the following estimate which is essential for Theorem 6.3.
Corollary 4.12. Let N be a F -group with a finite generating subset S. Let p be prime, and let k * (p, c) be the constant from Corollary 3.11. Then there exists some constant C > 0 and an integer k such that p k * (p,c)+v
Proof. This follows immediately from the bounds in Proposition 3.8 and Corollary 4.11.
Precise Conjugacy Separability of Two Step Nilpotent Groups
Before we give a proof of the main theorem, we apply the techniques that we have developed so far in a specific setting, namely conjugacy separability of nilpotent groups of nilpotency class 2. The main goal of this section is to give a precise computation of the asymptotic behavior of Conj N,S (n) where N is a F -group (see Theorem 5.4). We start with some preliminary results and observations.
Let N be a F -group of nilpotency class 2 with x ∈ N. From Definition 3.1, we have
= {y ∈ N| y x y
since N is a nilpotent group of nilpotency class 2. We also observe that the map
is given by ψ Inn(x),2 (y) = [y, x]. Note that for every x, y, z ∈ N, it holds that
This calculation can also be observed from the fact that N
Inn(x) 3
= 1 for all x ∈ N.
In the case of inner automorphisms, we have a stronger version of Theorem 4.10.
Proposition 5.1. Let N be a F -group with a finite generating subset S such that c(N) = 2. Then there exists a C > O such that Im(ψ Inn(x),2 ) S ≤ C x S for every x ∈ N.
Proof. Write S ′ = {[s i , s j ] | s i , s j ∈ S} as a finite generating subset for γ 2 (N). From [33] , it follows that there exists a constant C > 0 such that
for all x ∈ γ 2 (N). The subgroup Im(ψ Inn(x),2 ) is generated by elements of the form [s, x] with s ∈ S. It follows immediately that [s, x] S ′ ≤ x S , and hence, Im(ψ Inn(x),2 ) S ≤ C x S .
Another crucial ingredient for the main results is separability of central subgroups. We start with an easy example which we will use in the proof of the next proposition.
Example 5.2. Take the group Z with standard generating subset S = {±1}. Consider any nontrivial subgroup H = h = 0. We can seperate any element x ∈ Z, x / ∈ H in the finite quotient Z H .
The order of this finite quotient is |h| = H S . Note that Z H is a direct sum of subgroups with order a prime power. In particular we can separate every element x / ∈ H from H in a quotient of the form Z p k Z with p k ≤ H S .
For a general generating subset S ′ for Z, we find that there exists a C > 0 such that every element can be separated in a finite quotient Z p k Z with p k ≤ C H S ′ .
The following result generalizes this example to nilpotent groups.
Proposition 5.3. Let N be a F -group of nilpotency class c with finite generating subset S. There exists a constant C such that for all central subgroups H ≤ Z(N) and every x ∈ N, x / ∈ H, we can separate x and H in a finite quotient Q with
Proof. Assume that H is a central subgroup and x ∈ N \ H. We construct a finite quotient which separates x from H in two different cases, according to whether or not
First assume that x ∈ H 0 . By taking a quotient M of N if necessary, we can assume that Z(N) has rank 1 and that this quotient satisfies h(M) ≤ Φ(N). Let z be a generator of Z(M). From Example 5.2, it follows that there exists a prime power p k such that x and H are separated in Z(M) p k Z(M) with p k ≤ C H S ′ for S ′ a generating subset for Z(M). There exists a constant C ′ such that H S ′ ≤ C ′ H c S by [33] . Now take k(p, c) as in Lemma 3.10, and consider the quotient
by Lemma 3.10, and thus, x and H are seperated in this finite quotient. The order of this quotient is bounded by
Now assume that x / ∈ H 0 . In this case, consider the quotient group N H 0 which is a torsion-free nilpotent group with π H 0 (x) = 1. From [36, Thm 1.1], where Ψ RF (N) = Φ(N), it follows there exists a constant C such that x is separated from H in a quotient of order ≤ C log ( x S ) c Φ(N) .
Since we have a bound in both cases, the proof is finished.
Now that we have all of the necessary tools, we can give the precise calculation of the conjugacy separability of F -groups of nilpotency class 2. Now we may assume that y = x z where z S ≤ n. Consider the group morphism ψ Inn(x),2 as before. Proposition 5.1 implies Im(ψ Inn(x),2 ) S ≤ C 1 √ n for some C 1 ∈ N. Proposition 5.3 implies there exists a surjective group morphism π : N → Q such that π(z) / ∈ π(Im(ψ Inn(x),2 )) and where |Q| ≤
. We claim that π(y) ≁ id π(x z). Suppose for a contradiction there exists an a ∈ N such that π(a x a −1 ) = π(x z). That implies π(a x a −1 x −1 ) = π(z).
, and subsequently, Conj N,S (n) n Φ(N) .
Effective Twisted Conjugacy Separability
In this section we prove the main results of this paper. We start with the abelian case. Proposition 6.1. Let A be a finitely generated abelian group with a finite generating subset S. For every x ∈ A, it holds that Conj
for all ϕ ∈ Aut(A). Subsequently, Conj ϕ A,S (n) ϕ S log(n) and Tconj A,S (n) n log(n).
Proof. Let ϕ ∈ Aut(A), and take x ∈ A. Suppose y ∈ A satisfies y S ≤ n and x ≁ ϕ y. We may write
where I A : A → A is the identity map. It thus holds that y / ∈ [x] ϕ if and only if y − x / ∈ Im(I A − ϕ). Observe that Im(ψ ϕ,1 ) = Im(I A − ϕ) if we use the notations from Section 3. For s ∈ S, we observe that {(I A − ϕ)(s) | s ∈ S} is a generating subset for Im(I A − ϕ). Thus, for each s ∈ S we may write
Subsequently, Im(I A − ϕ) S ≤ 2 ϕ S . Proposition 5.3 implies that there exists a surjective group morphism π : A → Q such that π(y − x) / ∈ π(Im(I − ϕ)) and where
. The statements of the theorem then follow immediately.
We still need the following technical result, which is a generalization of Lemma 4.3.
Lemma 6.2. Let N be a F -group with finite generating subset S and an automorphism ϕ : N → N. There exists a constant C > 0 and an integer k > 0 such that for every y ∈ N with y ∈ X ϕ 1 , it holds that y = x ϕ(x) −1 for some x ∈ N with x ≤ C max{ ϕ S , y S } k .
Proof. We proceed by induction on j such that y ∈ X ϕ c+1− j . If j = 0 or thus y ∈ X ϕ c+1 = 1, we can take x = 1. Now assume that j > 0 and write c + 1 − j = i. Consider the induced map
. Use Theorem 4.10 to find constants C 1 , k 1 > 0 and a generating
In particular, we get that
and so, we can use the inductive hypothesis to finish the proof.
For the rest of this section, we fix an automorphism ϕ : N → N and work with the automorphisms ϕ x : N → N given by ϕ x (n) = x ϕ(n) x −1 . Additionally, we denote the induced automorphism on N N m where m ∈ N asφ x,m The subgroup N ϕ x will be denoted as N x to simplify notation. Similarly,
via N x,m .
Theorem 6.3. Let N be a F -group with a finite generating subset S. Let x ∈ N and ϕ ∈ Aut(N).
There exist natural numbers k 1 , k 2 , and k 3 such that
Proof. We proceed by induction on nilpotency class, and observe that the base case is given by Proposition 6.1. Thus, we may assume that c(N) > 1.
Let ϕ ∈ Aut(N) and fix x ∈ N. Suppose that y ∈ N satisfies x ≁ ϕ y and y S ≤ n. Our goal is to construct a finite quotient N/K such that π K (y) / ∈ π K ([x]φ ) and then bound |N/K| in terms of x S , ϕ S , and n.
Denote byφ the automorphism of N γ c(N) (N) induced by ϕ. If x γ c(N) (N) ≁φ y γ c(N) (N), then the inductive hypothesis implies there exist integers k 1 , k 2 , k 3 and C 1 > 0 satisfying the following. There exists a surjective group morphism to a finite group π 1 : N) )]φ and where
Thus, we can assume that x γ c(N) (N) ≁φ y γ c(N) (N). Writing y = yx −1 x, Lemma 3.2 implies that yx −1 ∈ X ϕ x 1 γ c (N). By Lemma 6.2, there exists y 0 with the norm bounded as described in the lemma and yx −1 = y 0 ϕ x (y 0 ) −1 z for some z ∈ γ c (N). Solving for z, we get that there exist constants
Now we see that y −1 0 yϕ (y 0 ) = xz or thus y ∼ ϕ xz. Theorem 4.10 implies that N x S ≤ C 3 ( ϕ x S ) k 5 where C 3 > 0 is some constant and k 5 ∈ N. For each s ∈ S, we may write ϕ x (s) S = x ϕ(s)
Now fix k 6 ∈ N and constant C 5 > 0 from Proposition 5.3 for N. Lemma 3.2 implies that z / ∈ N x . Therefore, there exists a surjective group morphism π 2 : N → Q 2 such that π 2 (z) / ∈ π 2 (N x ) and where
Moreover, we may assume that |Q 2 | = p α where p is a prime. Lemma 2.9 implies that N p α ≤ ker(π 2 ), and subsequently,
Using the natural number k * (p, c(N)−1) and notation from Corollary 3.11, it follows that
For the bound on the order, we combine the previous inequalities. Corollary 4.12 implies there exists a constant C 6 > 0 and an integer k 7 such that
, and thus, the first statement holds because of the bounds on p α . The last two statements of the theorem follow immediately.
Virtually Nilpotent Groups
This section is broken up into two parts. The first part is a technical detour, whereas the second subsection contains the main results of the section.
Separability of Extensions of Twisted Conjugacy Separable Groupss
We start this subsection with the following definition.
Definition 7.1. Let X ⊂ G be a subset (not necessarily finite). Let F G,X,S : N → N be defined as
where we take max / 0 = 0.
Recall that the function D G (X , ·) was introduced on page 6. The function F G,X,S measures the complexity to separate elements of G from the set X in finite quotients. The function does not depend on the choice of generating subset.
Lemma 7.2. Let G be a finitely generated group, and let X ⊂ G be a subset. Let S 1 and S 2 is a two finite generating subsets for G, then . We first give some lemmas about the function F G,X,S before coming to our main result.
Let H be a finite index normal subgroup of G, and let X ⊂ H be a separable subset. For any x ∈ H \ X , the following lemma relates the complexity of separating x from X in G to the complexity of separating x from X in H.
Lemma 7.3. Let G be a finitely generated group, and let H be a finite index normal subgroup. Suppose that S 1 and S 2 are finite generating subsets for G and H respectively. Suppose that X ⊆ H is a separable subset. Then
Proof. Since H is a finite index subgroup, H is an undistorted subgroup. Subsequently, there exists C > 0 such that
Suppose that x is not an element of H. Since X ⊆ H, we may pass to the quotient G H which is a finite group by assumption. Thus, we may assume that x ∈ H \ X .
Note that x S 2 ≤ Cn. Hence, there exists a surjective group morphism π : H → Q such that π(x) / ∈ π(X ) where |Q| ≤ F H,X,S 2 (Cn). Since finite groups are linear, we have a finite groupQ ⊃ Q and an induced morphismπ : G →Q such thatπ restricted to H is equal to our original group morphism π, and moreover, |Q| ≤ |Q| |G:H| . Thus, |Q| ≤ F H,X,S 2 (Cn)) |G:H| , and subsequently, F G,X,S 1 (n) (F H,X,S 2 (n)) |G:H| .
For separable subsets {X i } k i=1 and x ∈ G \ ∪ k i=1 X i , this next lemma relate the complexity of separating x from ∪ k i=1 X i to the complexity of separating x from each X i individually.
Lemma 7.4. Let G be a finitely generated group with a finite generating subset S, and let
be a finite collection of proper separable subsets.
This last lemma relates the complexity of separating an element x ∈ G/X from X to the complexity of separating x y from X · y.
Lemma 7.5. Let G be a finitely generated subgroup with a finite generating subset S. Suppose that X ⊂ G is a separable subset, and let y ∈ G. Then F G,X·y,S (n) ≈ F G,X,S (n).
Proof. We need only show that F G,X,S (n) F G,X·y,S (n). Suppose that x ∈ G such that x S ≤ n and x / ∈ X · y. That implies that x y −1 / ∈ X . Therefore, there exists a surjective group morphism
Suppose G is a finite extension of H. The following proposition shows that the conjugacy class of any element of G can be written as a finite union of right translates of twisted conjugacy classes of elements in H. The following proof follows [16, Thm 5.2] .
Proposition 7.6. Suppose that G is a finite generated group that contains a finite index characteristic subgroup H, and let {s i } |G:H| i=1 be a set of representatives for the right cosets of H. Fix an automorphism ϕ ∈ Aut(G) and let f x,i be the automorphism of H induced by conjugation by x i = s i x ϕ(s i ) −1 . Ifφ is the automorphism of H induced by ϕ, then
Proof. Letφ be the automorphism of H induced by ϕ. We may write
Suppose that H is a twisted conjugacy separable group and that G is a finite extension. Additionally, assume that ϕ ∈ Aut(G) and x ∈ G. The following theorem relates the quantification of the ϕ-twisted conjugacy class of x in G with the quantification of ψ i -twisted conjugacy separability of H where ψ i are a finite fixed collection of automorphisms of H, depending both on ϕ and x.
Theorem 7.7. Suppose that G is a finite generated group that contains a finite index characteristic subgroup H, and let {s i } |G:H| i=1 be a set of representatives for the right cosets of H. Fix an automorphism ϕ ∈ Aut(G) and a x ∈ G. Let f x,i be the automorphism of H induced by conjugation by x i = s i x ϕ(s i ) −1 . If S G and S H are finite generating subsets of G and H respectively, then
Proof. For simplicity in the following arguments, let
Taking everything together, we have
Effective Twisted Conjugacy Separability of Virtually Nilpotent Groups
We now apply Theorem 7.7 to the context of virtually nilpotent groups to get the first of the two main results of this section.
Theorem 7.8. Suppose that G is a virtually nilpotent group, and suppose S is a finite generating subset of G. For ϕ ∈ Aut(G) and x ∈ G, there exists a natural numbers k 1 , k 2 , k 3 such that
Proof. If G is finite, then the theorem is clear. Thus, we may assume that G is infinite. We can assume that N is a characteristic F -subgroup of G. Let S ′ be a finite generating subset for N and {s i } |G:N| i=1 be a set of right coset representatives of N in G. Consider the automorphism f x,i of N induced by conjugation by s i x ϕ(s i ) −1 . Theorem 7.7 implies
.
Theorem 6.3 implies there exist natural numbers
Thus, to finish, we give a bound for f x,i •φ S ′ .
Since the subgroup N is undistorted, it suffices to find a bound on f x,i • ϕ S ≤ f x,i S · ϕ S . Note that f x,i is conjugation by s i x ϕ(s i ) −1 , and thus,
for some C ∈ N since there are only finitely many s i .
That implies
By taking everything together, we may write
The last two inequalities follow immediately.
For this section's last result, we need the following proposition which is similar to [36, Cor 10.5] ).
Proposition 7.9. Let H 3 (Z) be the 3-dimensional integral Heisenberg group with presentation given by x, y, z| [x, y] = z, z central , and let p be any prime. Suppose π : H 3 (Z) → Q is a surjective group morphism where Q is a q-group for some prime q distinct from p, then π(
where m is any natural number.
Proof. Write the conjugacy class [x p ] = {x p z t p | t ∈ Z}. Let q k be the order of the element π(z) in Q. Since gcd(p, q k ) = 1, there exists integers a, b such that a p + b q k = 1. We see that
We reproduce the proof of [36, Prop 13.1].
Proposition 7.10. Let G and H be conjugacy separable, finitely generated groups, and suppose that H is a subgroup of G. If x, y ∈ H are two non-conjugate elements of G, then
Proof. Take π : G → Q be surjective morphism with
. The restriction of π to the subgroup H separates the conjugacy classes of x and y. Moreover,
We now have the following theorem which gives the asymptotic behavior for the conjugacy separability quantification function for the class of virtually nilpotent groups.
Proof. Note that if G is finite, then the upper bound clearly holds. Therefore, we may assume that G contains a F -group N as a characteristic finite index subgroup. Thus, Theorem 7.8 implies that there exist integers
, the first two statements are evident. For the lower bound, we follow the proof of [36, Thm 1.10(ii)]. Assuming that G is not virtually abelian, there exists a F -group N that is a finite index characteristic subgroup of G where c(N) ≥ 2. We construct an infinite sequence of non-conjugate elements a t , b t in N that are also not conjugate in G such that a t S ′ , b t S ′ ≈ n t and
where S ′ is a finite generating subset of N. Proposition 7.10 implies that
Since N is a finite index subgroup of G, it follows that N is undistorted in G. In particular, a t S , b t S ≈ n t . At that point, we have the last statement of the theorem.
Take elements x ∈ γ c−1 (N), y ∈ N and z ∈ γ c (N) ≤ Z(N) such that [x, y] = z k 1 and z is primitive. By using the techniques from [36, Prop 3.6 .], we can assume that every one dimensional central quotient N H associated to z satisfies h N H ≥ Φ(N). Via [36, Defn 4.9] and [36, Prop 4.10] , there exists k 2 ∈ N such that for every prime q > k 2 and every surjective morphism π : N → Q to a finite q-group with π(z) = 1, it holds that |Q| ≥ q Φ(N) . Take k = k 1 k 2 . By replacing x by x k 2 , we find a subgroup x, y, z k of G which is isomorphic to the 3-dimensional integral Heisenberg group.
Letting {p t } ∞ t=1 be an enumeration of primes greater than max{k, [G : N]}, we consider the elements α t,i = x p t z i k for 1 ≤ i ≤ [G : N] + 1. Since α t,i are pairwise non-equal central elements of N H · N p t , they are pairwise non-conjugate as elements of N. We claim that there exist i 0 such that α t,1 ≁ id α t,i 0 as elements of G. Letting {s i } |G:N| i=1 be a set of right coset representatives of N in G, we may write the conjugacy class of any element x ∈ N as . So it suffices to show that for all surjective group morphisms π : N → Q where |Q| < p Φ(N) t that π(a t ) ∼ id π(b t ). If π(z k ) = 1, then π(a t ) ∼ id π(b t ). Thus, we may assume that π(z k ) = 1. By [24, Thm 2.7], we may assume that Q is a finite q-group where q is a prime. From our assumptions on p j and π, we know that if q = p j , then |Q| ≥ p Φ(N) t . Hence, we can also assume that q = p j . Since x, y, z k is isomorphic to the 3-dimensional integral Heisenberg group, Proposition 7.9 implies that there exists g ∈ x, y, z k such that π(g a t g −1 ) = π(b t ). Therefore, π(a t ) ∼ id π(b t ) and as explained above this argument ends the proof.
Some Examples
In this last section, we work some explicit examples.
Heisenberg group
In this section, we work out the twisted conjugacy seperability function for the discrete Heisenberg group H 3 (Z) = {(x, y, z) | x, y, z ∈ Z} with group law given by (x 1 , y 1 , z 1 )(x 2 , y 2 , z 2 ) = (x 1 + x 2 , y 1 + y 2 , z 1 + z 2 + x 1 y 2 ). 
A 5-dimensional Example
Let N be the nilpotent group given by hence, N ϕ x 2 S = 1. These facts allow us to prove the following proposition.
Proposition 8.1. There exists a constant C ∈ N such that for every x ∈ N with x S ≤ n, it holds that Im ψ ϕ x ,2 ) S ≤ C √ n.
Proof. The subgroup Im ψ ϕ x ,2 ) is generated by the elements a 1 x ϕ(a 1 ) −1 x −1 , a 2 x ϕ(a 2 Thus, we may assume that y = x z where z ∈ γ 2 (N) = b 1 , b 2 and z S ≤ C 2 n. Proposition 5.3 implies that there exists a surjective group morphism π 2 : N → Q 2 such that π 2 (z) / ∈ π 2 (Im(ψ ϕ x ,2 )) and where |Q 2 | ≤ C 2 max Im(ψ ϕ x ,2 ) S , log ( z S )
2 Φ(N)
for some C 2 ∈ N. We claim that π 2 (x z) / ∈ π 2 ([x] ϕ ), and for a contradiction suppose otherwise. Thus, there exists y ∈ N such that π 2 (x z) = π 2 (y x ϕ(y) −1 ). That implies we may write π 2 (z) = π 2 (y x ϕ(y) −1 x). In particular, π 2 (z) ∈ Im(ψ ϕ x ,2 ) which is a contradiction.
By calculation, one can see that Φ(N) = 3. We conclude that for some C 3 > 0, we have D N ([x] ϕ , y) ≤ C 3 max{n 3 , log(n) 6 } and thus Conj ϕ N,S n 3 .
Future Questions
We list some of the open problems which remain after the main results of this paper.
In Theorem 5.4 we computed the precise conjugacy separability function for nilpotency class 2. We conjecture that for a general nilpotent group, this function is of the following form. Conjecture 1. Let N be a F -group of nilpotency class c > 1, then Conj N (n) ≈ n Φ (N)(c−1) .
The lower bound for this conjecture was already given in [36] .
In Proposition 5.3, we computed an upper bound for the effective seperability function in the case of central subgroups. There is not yet a description for the subgroup separability function for general subgroups. That leads to the following question.
Question 1.
Compute the effective subgroup seperability function for finitely generated nilpotent groups.
In Section 8 we gave several explicit examples of the function Conj ϕ N,S for nilpotent groups N. In all these examples, an upper bound was given by Conj N,S , so in the case of the identity map. We conjecture that that is always the case. For all known examples, the conjugacy function only depends on the rational or even real Mal'cev completion of the F -group N.
It is an open question whether that is true in general.
Question 2. Let N 1 and N 2 be two (abstractly) commensurable finitely generated virtually nilpotent groups. Is it true that Conj N 1 (n) ≈ Conj N 2 (n)?
